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Abstract
We consider a Hamiltonian formulation of the (2n+1)-order generalization of the Pais-
Uhlenbeck oscillator with distinct frequencies of oscillation. This system is invariant
under time translations. However, the corresponding Noether integral of motion is
unbounded from below and can be presented as a direct sum of 2n one-dimensional
harmonic oscillators with an alternating sign. If this integral of motion plays a role of a
Hamiltonian, a quantum theory of the Pais-Uhlenbeck oscillator faces a ghost problem.
We construct an alternative canonical formulation for the system under study to avoid
this nasty feature.
PACS numbers: 11.30.-j, 11.25.Hf, 02.20.Sv
Keywords: Pais-Uhlenbeck oscillator, ghost problem
1. Introduction
The Pais-Uhlenbeck (PU) oscillator [1] is one of the simplest higher-derivative mechanical
models. In general, one constructs a Hamiltonian formulation of this system with the aid
of Ostrogradsky’s method [2]. But the Hamiltonian obtained in such a way is unbounded
from below. This leads to a ghost problem on quantization [1, 3, 4]. The research of higher-
derivative theories of gravity stimulates considerable interest in solving this long-standing
problem. To obtain a more physically viable quantum theory of the PU oscillator, the efforts
have been focused mostly on the construction of alternative Hamiltonian formulations and
quantization procedures [5]-[19]. In particular, in [5] it has been shown that a canonical
formulation of the fourth-order PU oscillator is not unique. Moreover, in contrast to Ostro-
gradsky’s approach, alternative canonical formalism may correspond to a positive-definite
Hamiltonian.
According to the analysis in [1] (see also [4]), the Ostrogradsky’s Hamiltonian of the
2n-order PU oscillator with distinct frequencies of oscillation can be presented as a direct
sum of n decoupled harmonic oscillators with an alternating sign. This provides a set of n
functionally independent positive-definite integrals of motion. The method introduced in [5]
is based on observation that a linear combination of these integrals with arbitrary nonzero
coefficients can play a role of a Hamiltonian for the case of the fourth-order PU oscillator. So,
we have a positive-definite Hamiltonian when all coefficients are positive. The corresponding
Poisson bracket can be obtained as a solution of a nondegenerate system of linear equations.
The same approach allows to construct an alternative canonical formulation for the PU
oscillator of an arbitrary even order with distinct frequencies of oscillation [19].
In recent time the PU oscillator has also attracted much attention within the context
of dynamical realizations of nonrelativistic conformal groups [17], [20]-[30]. In particular,
it has been shown that the 2n-order PU oscillator for a particular choice of its frequencies
of oscillation enjoys l = n − 1
2
-conformal Newton-Hooke symmetry [31]-[34]. On the other
hand, the analogous dynamical realization of the l-conformal Newton-Hooke algebra for
integer l = n represents a higher-derivative model which is naturally called as (2n+1)-order
PU oscillator [22, 25, 26]. Some aspects of the third-order PU oscillator have been studied
in papers [35]-[38] (see also [39]-[42]). But the odd-order PU oscillator for values of order
higher than three remains completely unexplored. At the same time, a construction of a
Hamiltonian formulation of this model is an important issue for further possible quantum
mechanical applications. The purpose of this work is to generalize the analysis obtained
in papers [5, 19] to the case of the PU oscillator of the arbitrary odd order with distinct
frequencies of oscillation.
The paper is organized as follows. In the next section we give the notion of the odd-order
PU oscillator. In Sect. 3, we construct an alternative Hamiltonian formulation for the third-
order PU oscillator. A Hamiltonian formulation for the PU oscillator of the arbitrary odd
order is considered in Sect. 4. Sect. 5 is devoted to possible generalizations of the odd-order
PU oscillator which are compatible with alternative canonical formalism. In the concluding
Sect. 6, we summarize our results and discuss further possible developments. Some technical
details are gathered in Appendix A.
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2. The model
The recent results on dynamical realizations of so-called l-conformal Galilei algebra [31]-
[33] have shown that such a model as a free (2l + 1)-order derivative particle exhibits this
symmetry [43] (see also [44]-[49])1. The action functional of this model for half-integer l has
a form2
S =
1
2
∫
dt xix
(2l+1)
i , (1)
where i = 1, 2, .., dimV is a spatial index; a superscript in braces designates the number of
derivatives with respect to time. While for integer l one has
S =
1
2
∫
dt ǫij xix
(2l+1)
j , (2)
where ǫij is the Levi-Civita´ symbol with ǫ12 = 1; i, j = 1, 2.
In papers [21, 52] (see also [24]) it is shown that applying appropriate coordinate trans-
formations to the models (1), (2) leads to counterparts of these systems in Newton-Hooke
spacetime with a negative cosmological constant, i.e. in nonrelativistic spacetime with uni-
versal cosmological attraction (see e.g. [44], [53]-[54] and references therein). Newton-Hooke
counterpart of the model (1) is described by the action functional
S =
1
2
∫
dt xi
l− 1
2∏
k=0
(
d2
dt2
+
(2k + 1)2
R2
)
xi, (3)
where Λ = − 1
R2
is a nonrelativistic cosmological constant. This action describes the even-
order PU oscillator with a particular choice of its frequencies of oscillation.
The analogue of the action (3) for the integer l = n is given by [22, 25, 26]3
S =
1
2
∫
dt ǫij xi
n∏
k=1
(
d2
dt2
+
(2k)2
R2
)
dxj
dt
, (4)
which is naturally understood as corresponding to a particular case of the (2n+1)-order PU
oscillator. So, the general form of the action functional of the odd-order PU oscillator reads
S =
1
2
∫
dt ǫij xi
n−1∏
k=0
(
d2
dt2
+ ω2k
)
dxj
dt
. (5)
In the present paper we consider only the case when all frequencies of oscillation ωk, k =
0, 1, .., n− 1 are distinct and nonzero.
1About realizations of l-conformal Galilei algebra without higher derivatives see [20], [28], [50, 51].
2The summation over repeated spatial indices is understood, unless otherwise is explicitly stated.
3In papers [35, 37, 38] the third-order PU oscillator has been obtained as a dynamical realization of Galilei
and Newton-Hooke algebras.
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3. The third-order PU oscillator
Let us consider the action functional of the third-order PU oscillator
S =
1
2
∫
dt ǫij xi
(
d2
dt2
+ ω20
)
dxj
dt
. (6)
The dynamics of this model obeys the following equations of motion
...
x i + ω
2
0x˙i = 0, (7)
where the dot denotes the derivative with respect to time.
In general, one constructs a canonical formulation for a higher-derivative theory by using
of such approaches as Ostrogradsky’s method [2], Dirac’s method for constrained systems,
or Faddeev-Jackiw’s prescription [55]. Let us obtain a Hamiltonian formulation of the model
(6) by applying Dirac’s method. To this end we introduce the following first-order equivalent
of the action (6)
S =
∫
dt
[
−1
2
ǫij
(
yiy˙j − ω20xiyj
)
+ λi(yi − x˙i)
]
,
where yi are new variables, λi are Lagrange multipliers. Canonical momenta p
x
i , p
y
i , and p
λ
i
which correspond to xi, yi, and λi, respectively, are defined by a standard way
pxi =
∂L
∂x˙i
= −λi, pyi =
∂L
∂y˙i
=
1
2
ǫijyj, p
λ
i =
∂L
∂λ˙i
= 0.
So, canonical formalism of the model (6) can be formulated in the twelve-dimensional phase
space (xi, yi, λi, p
x
i , p
y
i , p
λ
i ) with six constraints
φxi = p
x
i + λi, φ
y
i = p
y
i −
1
2
ǫijyj, φ
λ
i = p
λ
i , i, j = 1, 2.
Therefore, the phase space of the third-order PU oscillator is six-dimensional. We can choose
(xi, p
x
i , yi) as independent canonical variables which obey the following nonvanishing relations
under corresponding Dirac bracket
{xi, pxj} = δij , {yi, yj} = ǫij . (8)
The Hamiltonian of the model (6) is found to be
H = pxi yi −
ω20
2
ǫijxiyj. (9)
The analogues Hamiltonian formulation for the third-order PU oscillator with imaginary
frequency of oscillation has been derived in [38] with the aid of Faddeev-Jackiw prescription
[55] (see also [56]).
3
The dynamics of phase space variables obey the following equations
x˙i = yi, p˙
x
i =
ω20
2
ǫijyj, y˙i = ǫijp
x
j −
ω20
2
xi. (10)
It is easy to check that this system of equations is equivalent to (7). The equations (10)
allow to obtain a following representation of the Hamiltonian (9) in terms of variables x˙i, x¨i
H = −ǫij x˙ix¨j . (11)
It is Noether integral of motion of the third-order PU oscillator which corresponds to invari-
ance under time translations, as it should be.
It can be also straightforwardly verified that the following relations
{xi, H} = x˙i, {x˙i, H} = x¨i, {x¨i, H} = −ω20x˙i; (12)
{xi, x¨j} = −ǫij , {x˙i, x˙j} = ǫij , {x¨i, x¨j} = ω20ǫij , (13)
hold with regard to (8).
Let us introduce the variables
qi =
√
1
2ω0
(
x˙1 +
(−1)i
ω0
x¨2
)
, pi =
√
ω0
2
(
x˙2 +
(−1)i+1
ω0
x¨1
)
,
zi =
(−1)i
ω0
(x¨i + ω
2
0xi), (no sum),
(14)
which obey the relations {qi, pj} = δij, {zi, zj} = ǫij under (13). It is evident that these
variables can be obtained by canonical transformation of coordinates (xi, yi, p
x
i ). It should
be noted that expressions (14) do not provide a finite limit ω0 → 0.
The Hamiltonian (11) in terms of variables (14) takes a form
H =
1
2
(p21 + ω
2
0q
2
1)−
1
2
(p22 + ω
2
0q
2
2). (15)
So, the Hamiltonian of the third-order PU oscillator can be presented as a direct sum of
harmonic oscillators which alternate in a sign. An analogous representation of the Hamil-
tonian of the even-order PU oscillator has been obtained in the original paper [1]. At first
sight it may appear that the third-order PU oscillator is dynamically equivalent to a system
of two decoupled one-dimensional harmonic oscillators. It is not true because the phase
spaces of these two systems are not isomorphic. In addition to oscillator degrees of freedom
(q1, q2, p1, p2), the phase space of the third-order PU oscillator involves coordinates zi whose
dynamics obey the first-order differential equations. This also can be illustrated by rewriting
the action functional (6) in terms of variables (qi, q˙i, zi, z˙i) (up to a total derivative term)
S =
1
2
∫
dt
[
(q˙21 − ω20q21)− (q˙22 − ω20q22)− ǫijziz˙j
]
.
4
The Hamiltonian (9) (or in the form (15)) of the system (6) derived by Dirac’s method is
unbounded from below4. When conventional quantization scheme is applied, we face a ghost
problem. The method to obtain an alternative Hamiltonian formulation has been introduced
in [5]. According to this approach we may deform both the Hamiltonian of the third-order
PU oscillator (15) and Poisson structure (13) in such a way that the equations (12) will be
preserved. Let us consider the following deformation of the Hamiltonian (15)
H = γ1
2
(p21 + ω
2
0q
2
1) +
γ2
2
(p22 + ω
2
0q
2
2) =
1
2
(γ1 − γ2)H + 1
4ω0
(γ1 + γ2)(x¨
2
i + ω
2
0x˙
2
i ), (16)
where γ1 and γ2 are arbitrary nonzero constants. This integral of motion corresponds to
symmetry transformations of the action functional (6)
δxi = {xi,H}a =
(
1
2
(γ1 − γ2)x˙i − 1
2ω0
(γ1 + γ2)ǫij x¨j
)
a, (17)
where a is an infinitesimal parameter. These transformations represent pure time translations
when γ1 = −γ2. In this sense we can understand (17) as a deformation of time translations.
Then we substitute an ansatz (16) into equations (12) instead of H . Using the standard
properties of the Poisson bracket allows to obtain restrictions on Poisson structure relations
between variables xi, x˙i, x¨i. Resolving these restrictions leads to the following structure:
{xi, x¨j} = −1
2
(
1
γ1
− 1
γ2
)
ǫij , {x˙i, x˙j} = 1
2
(
1
γ1
− 1
γ2
)
ǫij , {x¨i, x¨j} = ω
2
0
2
(
1
γ1
− 1
γ2
)
ǫij ,
{xi, x˙j} = 1
2ω0
(
1
γ1
+
1
γ2
)
δij , {x˙i, x¨j} = ω0
2
(
1
γ1
+
1
γ2
)
δij .
(18)
A few comments are in order. Firstly, if we put γ1 = 1, γ2 = −1 then we reproduce
(13). Secondly, the Poisson structure (18) is degenerate when γ1 = γ2. By this reason
our consideration is restricted only for values γ1 6= γ2. Thirdly, different possible pairs
(γ1, γ2) correspond to canonically nonequivalent structures (18), i.e. one structure cannot
be obtained from another by canonical transformations (see related discussion in [5]). So,
we have constructed two-parametric family of Hamiltonian structures for the third-order PU
oscillator.
Canonical coordinates which correspond to the Hamiltonian (16) are
qi =
√
|γi|qi, pi = (−1)i+1sign(γi)
√
|γi|pi, (no sum) → {qi, pj} = δij , (19)
where the sign(x) is the standard signum function. With these variables, the Hamiltonian
(16) may be written as
H = sign(γ1)
2
(p21 + ω
2
0q
2
1) +
sign(γ2)
2
(p22 + ω
2
0q
2
2).
4In paper [56] it has been shown that a Hamiltonian of the odd-order derivative mechanical system of
general type is unbounded from below.
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The variables zi obey relations
{zi, zj} = α−0 ǫij =
1
2
(
1
γ1
− 1
γ2
)
ǫij
with regard of the Poisson structure (18). These variables also can be redefined as follows
π1 =
1√
|α−0 |
z1, π2 =
sign(α−0 )√
|α−0 |
z2 → {πi, πj} = ǫij , {πi, qj} = {πi, pj} = 0. (20)
The existence of coordinates (qi, pi, πi) automatically proves that Jacoby identity for the
Poisson bracket corresponding to (18) holds.
So, if both coefficients γ1 6= γ2 are positive, we have the nondegenerate Poisson structure
and positive-definite Hamiltonian. This leads to the ghost-free quantum theory of the third-
order PU oscillator.
It is an interesting question about the uniqueness of the Hamiltonian function (16) for
the third-order PU oscillator. Let us suppose that an ansatz
W =
2∑
n,m=0
αnmij x
(n)
i x
(m)
j , (21)
where αnmij = α
mn
ji are arbitrary constants, is the Hamiltonian for the system (6). Some
constants can be expressed in terms of another by imposing that (21) must be an integral of
motion. The function W becomes
W = bij(x¨i + ω
2
0xi)(x¨j + ω
2
0xj) + cij(x˙ix˙j − xix¨j − xj x¨i − ω20xixj) + fǫij x˙ix¨j ,
with bij = bji, cij = cji. This function is invariant under the space rotations δxi = ωijxj ,
ωij = −ωji if bij = bδij , cij = cδij . Thus, we get5
W = b(x¨i + ω
2
0xi)
2 + c(x˙2i − 2xix¨i − ω20x2i ) + fǫij x˙ix¨j .
If we substitute this function into (12), we observe that the corresponding Poisson structure
exists only if we put c = bω20. The redefinition of coefficients b =
1
4ω0
(γ1+γ2), f = −12(γ1−γ2)
turns to (16).
4. The general case
Let us consider the PU oscillator of the arbitrary odd order with distinct frequencies of
oscillation. The equations of motion of this model are
n−1∏
k=0
(
d2
dt2
+ ω2k
)
x˙i =
n∑
k=0
σnkx
(2k+1)
i = 0, where σ
n
k =
n−1∑
i1<i2<..<in−k=0
ω2i1ω
2
i2
...ω2in−k , σ
n
n = 1.
5The constants of motion x¨i+ω
2
0
xi correspond to an invariance of the action (6) under space translations
δxi = ai, while conserved charge x˙
2
i
− 2xix¨i − ω20x2i relates to an invariance under the spatial rotations.
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If H = H(xi, x˙i, .., x
(2n)
i ) is the Hamiltonian of the (2n + 1)-order PU oscillator, {·, ·} is the
corresponding Poisson bracket, an analogue of the system of equations (12) has a form
{x(m)i , H} = x(m+1)i , m = 0, 1, .., 2n− 1, {x(2n)i , H} = −
n−1∑
k=0
σnkx
(2k+1)
i . (22)
The most evident choice of the Hamiltonian function relates with an integral of motion which
corresponds to invariance under time translations. This constant of motion can be presented
in a simple form with the aid of the so-called oscillator coordinates which were introduced
in paper [1]. They are given by
xk,i =
√
ρk
n−1∏
m=0
m6=k
(
d2
dt2
+ ω2m
)
xi =
√
ρk
n−1∑
m=0
σnm,kx
(2m)
i , (23)
where we denote
ρk =
(−1)k
n−1∏
m=0
m6=k
(ω2m − ω2k)
, σnm,k =
n−1∑
i1<i2<..<in−m−1=0
i1,i2,..,in−m−1 6=k
ω2i1ω
2
i2
...ω2in−m−1 , σ
n
n−1,k ≡ 1.
We choose 0 < ω0 < ω1 < .. < ωn−1 for definiteness. The action functional (5) in terms of
variables (23) takes a form
S =
1
2
∫
dt
n−1∑
k=0
(−1)kǫij xk,i
(
d2
dt2
+ ω2k
)
x˙k,j. (24)
This representation of the action (5) can be derived by the way which is previously developed
for the even-order PU oscillator in the paper [1] (for some technical details see also [27]).
The energy of the model (24) can be presented as follows
H =
n−1∑
k=0
(−1)k+1ǫij x˙k,ix¨k,j. (25)
It can be straightforwardly verified that equations (22) are satisfied with respect to this
integral of motion. The corresponding Poisson structure relations read
{x(s)i , x(m)j } =
{
0, s+m − odd;
(−1) s−m2 +n+1Ps+m−2n(ω20, ω21, .., ω2n−1)ǫij , s+m − even,
(26)
where
P2k(ω
2
0, ω
2
1, .., ω
2
n−1) =
k∑
λ0,λ1,..,λn−1=0
λ0+λ1+..+λn−1=k
ω2λ00 ω
2λ1
1 ...ω
2λn−1
n−1 . (27)
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This is the k-th degree symmetric polynomial in n variables ω20, ω
2
1,.., ω
2
n−1. By definition,
this function is equal to zero for k < 0.
When verifying the equations (22), the following identities
n−1∑
k=0
(−1)kω2kp σnk,s =
(−1)s
ρs
δsp,
n−1∑
k=0
(−1)k(−ω2k)sσnp,kρk =
{
δsp, s = 0, 1, .., n− 1,
− σnp , s = n;
(28)
P2k(ω
2
0, ω
2
1, .., ω
2
n−1) = (−1)n−1
n−1∑
s=0
(−1)sω2n+2k−2s ρs, for k = −n + 1,−n + 2, ..., (29)
prove to be helpful6.
By analogy with (14), let us introduce canonical coordinates
qk,i =
√
1
2ωk
(
x˙k,1 +
(−1)i
ωk
x¨k,2
)
, pk,i = (−1)k
√
ωk
2
(
x˙k,2 +
(−1)i+1
ωk
x¨k,1
)
,
zi =
(−1)i
ω0ω1...ωn−1
n∑
k=0
σnkx
(2k)
i , (no sum),
(30)
which obey relations
{qk,i, pm,j} = δkmδij , {zi, zj} = ǫij ,
with regard to Poisson structure (26). The Hamiltonian (25) in terms of these coordinates
takes a form
H =
1
2
n−1∑
k=0
(−1)k [(p2k,1 + ω2kq2k,1)− (p2k,2 + ω2kq2k,2)] . (31)
This representation of the Hamiltonian automatically provides a set of 2n positive-definite
integrals of motion of the type Jk,i = p
2
k,i + ω
2
kq
2
k,i (no sum). Therefore, let us choose the
following ansatz for the alternative Hamiltonian
H = 1
2
n−1∑
k=0
[
γk,1
(
p2k,1 + ω
2
kq
2
k,1
)
+ γk,2
(
p2k,2 + ω
2
kq
2
k,2
)]
, (32)
where γk,i are arbitrary nonzero constants. It can be straightforwardly verified that the equa-
tions (22) with change H → H are satisfied with regard to the following Poisson structure
relations
{x(s)i , x(m)j } =


0, s = m = 0;
(−1) s−m+12
n−1∑
k=0
ρkω
s+m−2
k α
+
k δij , s+m− odd;
(−1) s−m2
n−1∑
k=0
ρkω
s+m−2
k α
−
k ǫij , s+m 6= 0− even,
(33)
6One finds the proof of (28) in [19]. The proof of identity (29) is given in Appendix A.
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where we denote α±k =
1
2
(
1
γk,1
± 1
γk,2
)
. It should be noted that this Poisson structure is
degenerated when the quantity s =
n−1∑
k=0
ρkα
−
k
ω2
k
vanishes. So, such sets of coefficients γi,k which
satisfy relation s = 0 are discarded from our consideration.
The generalization of coordinates (19), (20) has a form
qk,i =
√
|γk,i|qk,i, pk,i = (−1)k+i+1sign(γk,i)
√
|γk,i|pk,i, (no sum),
π1 =
1
n−1∏
r=0
ωr
√|s|z1, π2 =
sign(s)
n−1∏
r=0
ωr
√|s|z2.
(34)
These variables obey the following nonvanishing relations
{qk,i, pm,j} = δkmδij , {πi, πj} = ǫij ,
under the Poisson structure (33).
The Hamiltonian (32) in terms of coordinates (34) has a form
H = 1
2
n−1∑
k=0
[
sign(γk,1)
(
p
2
k,1 + ω
2
kq
2
k,1
)
+ sign(γk,2)
(
p
2
k,2 + ω
2
kq
2
k,2
)]
.
If all constants γk,i are positive, this Hamiltonian is positive-definite and more suitable for
quantization than (31).
It should be noted that the fact of existence of the alternative Hamiltonian formulation
for the odd-order PU oscillator is in agreement with the results obtained in paper [57].
5. Compatible generalizations
Let us consider the function
H˜ = H + U(xi, x˙i, .., x(2n)i ).
According to the analysis in [19], this function can be viewed as the Hamiltonian of the
deformed odd-order PU oscillator whose dynamics is described by
n∑
k=0
σnkx
(2k+1)
i = {x(2n)i , U}, (35)
if the function U obeys the following equations
{x(k)i , U} = 0, for k = 0, 1, .., 2n− 1,
9
with regard to the Poisson structure (33). These equations can be written as follows7

n−1∑
k,m=0
(−1)mρkω2p+2m−1k α+k
∂U
∂x
(2m+1)
i
+
n∑
m=δp,0
n−1∑
k=0
(−1)mρkω2p+2m−2k α−k ǫij
∂U
∂x
(2m)
j
= 0,
n∑
m=0
n−1∑
k=0
(−1)mρkω2p+2m−1k α+k
∂U
∂x
(2m)
i
−
n−1∑
k,m=0
(−1)mρkω2p+2mk α−k ǫij
∂U
∂x
(2m+1)
j
= 0,
(36)
where p = 0, 1, .., n − 1. This is the linear homogeneous system of 4n equations on 4n + 2
partial derivatives of the function U . Consequently, this system has infinitely many solutions.
Let us demonstrate it for the case of the third-order PU oscillator. The system (36) for n = 1
has a form 

α+0
ω0
∂U
∂x˙i
− α−0 ǫij
∂U
∂x¨j
= 0,
α+0
ω0
∂U
∂xi
− α−0 ǫij
∂U
∂x˙j
− ω0α+0
∂U
∂x¨i
= 0.
The general solution of this system reads
U = U
((
(α−0 )
2 − (α+0 )2
)
xi +
α−0 α
+
0
ω0
ǫij x˙j −
(
α+0
ω0
)2
x¨i
)
.
This solution takes a form U = U(xi) if we put γ0,1 = −γ0,2.
If the function U is positive-definite, then the deformed odd-order PU oscillator (35)
admits the Hamiltonian formulation with regard to positive-definite Hamiltonian. Analogous
deformations of the even-order PU oscillators have been originally considered in [15, 16] (see
also [19],[58])8.
6. Conclusion
To summarize, in this work we have constructed the family of the Hamiltonian structures
for the PU oscillator of arbitrary odd order. This was achieved with the aid of several
observations. At first, we have shown that the invariance of the third-order PU oscillator
under time translations yields the Noether integral of motion which can be presented in
the form of the direct sum of two decoupled harmonic oscillators with an alternating sign.
Secondly, we have observed that there are oscillator variables (23) whose application to the
Lagrangian of the (2n+1)-order PU oscillator turns into the direct sum (24) of n third-order
PU oscillators which alternate in a sign.
The alternative canonical formulation for the (2n+1)-order PU oscillator, which has been
obtained in the present work, corresponds to the Hamiltonian which is a linear combination
7For the case of n = 1 we put ρ0 = 1 by definition.
8About other deformations of the even-order PU oscillator see [59, 60] and references therein.
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of 2n harmonic oscillators with arbitrary nonzero constants. When all coefficients are posi-
tive, we have a positive-definite Hamiltonian which is more viable for physical applications.
However, it should be noted that such an oscillator representation of the Hamiltonian does
not mean a dynamical equivalence of the (2n + 1)-order PU oscillator to a system of 2n
one-dimensional harmonic oscillators. The phase spaces of these systems are not isomor-
phic. We have also discussed possible deformations of the odd-order PU oscillator which are
compatible with the alternative Hamiltonian formulation.
Thus, we apply the approach developed in [5] to one more set of systems. But some
questions related with this method remain actual until now. At first, if a system has a set of
integrals of motion which form some Lie algebra under a Poisson bracket corresponding to
some conventional approach (e.g. to Dirac’s method). Is it possible to deform these integrals
of motion in such a way that the same structure relations hold under a Poisson structure
which relates with an alternative approach? In other words, can a symmetry structure of
a system be reproduced with regard to alternative canonical formalism? Secondly, one of
the main motivations of developing alternative ways to obtain Hamiltonian formulations
for higher-derivative mechanical systems is their further generalizations to higher-derivative
field theories. It is the most argued question about possibility of such generalizations of
the alternative method which has been applied in the present work. A generalization of the
analysis in this paper to the case of N = 2 supersymmetric odd-order PU oscillator [26] is
worth studying as well [61].
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Appendix. The proof of identity (29)
Let us prove that
P2k(ω
2
0, ω
2
1, .., ω
2
n−1) = (−1)n−1
n−1∑
s=0
(−1)sω2n+2k−2s ρs, for k = −n + 1,−n+ 2, ...
If we take into account the following representation of ρs
ρs =
1
V
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 1 .. 1 1 .. 1
ω20 ω
2
1 .. ω
2
s−1 ω
2
s+1 .. ω
2
n−1
ω40 ω
4
1 .. ω
4
s−1 ω
4
s+1 .. ω
4
n−1
.. .. .. .. .. .. ..
ω2n−40 ω
2n−4
1 .. ω
2n−4
s−1 ω
2n−4
s+1 .. ω
2n−4
n−1
∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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where V =
n−1∏
i1<i2=0
(ω2i2 − ω2i1) is the Vandermonde determinant, then the RHS of (29) can be
rewritten in the following equivalent form
(−1)n−1
n−1∑
s=0
(−1)sω2n+2k−2s ρs =
=
1
V
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 1 ... 1
ω20 ω
2
1 ... ω
2
n−1
... ... ... ...
ω2n−40 ω
2n−4
1 ... ω
2n−4
n−1
ω2n+2k−20 ω
2n+2k−2
1 ... ω
2n+2k−2
n−1
∣∣∣∣∣∣∣∣∣∣∣∣∣
=
=
1
V
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 ... 0
ω20 ω
2
1 − ω20 ... ω2n−1 − ω20
... ... ... ...
ω2n−40 ω
2n−4
1 − ω2n−40 ... ω2n−4n−1 − ω2n−40
ω2n+2k−20 ω
2n+2k−2
1 − ω2n+2k−20 ... ω2n+2k−2n−1 − ω2n+2k−20
∣∣∣∣∣∣∣∣∣∣∣∣∣
=
=
n−1∏
i=1
(ω2i − ω20)
1
V
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 1 ... 1
P2(ω
2
0, ω
2
1) P2(ω
2
0, ω
2
2) ... P2(ω
2
0, ω
2
n−1)
P4(ω
2
0, ω
2
1) P4(ω
2
0, ω
2
2) ... P4(ω
2
0, ω
2
n−1)
... ... ... ...
P2n−6(ω
2
0, ω
2
1) P2n−6(ω
2
0, ω
2
2) ... P2n−6(ω
2
0, ω
2
n−1)
P2n+2k−4(ω
2
0, ω
2
1) P2n+2k−4(ω
2
0, ω
2
2) ... P2n+2k−4(ω
2
0, ω
2
n−1)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
=
n−1∏
i1=1
(ω2i1 − ω20)
n−1∏
i2=2
(ω2i2 − ω21)
1
V
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 ... 1
P2(ω
2
0, ω
2
1, ω
2
2) ... P2(ω
2
0, ω
2
1, ω
2
n−1)
... ... ...
P2n−8(ω
2
0, ω
2
1, ω
2
2) ... P2n−8(ω
2
0, ω
2
1, ω
2
n−1)
P2n+2k−6(ω
2
0, ω
2
1, ω
2
2) ... P2n+2k−6(ω
2
0, ω
2
1, ω
2
n−1)
∣∣∣∣∣∣∣∣∣∣∣∣∣
=
= ... = P2k(ω
2
0, ω
2
1, ..., ω
2
n−1),
where we use the identities
ω2sk − ω2sm = (ω2k − ω2m)P2s−2(ω2k, ω2m),
P2s(ω
2
i1
, ω2i2, .., ω
2
ik
, ω2j1)− P2s(ω2i1 , ω2i2, .., ω2ik , ω2j2) = (ω2j1 − ω2j2)P2s−2(ω2i1 , ω2i2, .., ω2ik , ω2j1, ω2j2),
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which can be easily proved.
It is evident that
n−1∑
s=0
(−1)sω2n+2k−2s ρs = 0 for k = −n + 1,−n + 2, ..,−1. This fact is in
accordance with the definition (27) of the polynomial P2k(ω
2
0, ω
2
1, .., ω
2
n−1).
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